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We study the spin transport through a 1D quantum Ising|XY|Ising spin link that emulates a topo-
logical superconducting|normal|superconducting structure via Jordan-Wigner (JW) transformation.
We calculate, both analytically and numerically, the spectrum of spin Andreev bound states and the
resulting Z2 fractional spin Josephson effect (JE) pertaining to emerging Majorana JW fermions.
Deep in the topological regime, we identify an effective time-reversal symmetry that leads to Z4
fractional spin JE in the presence of interactions within the junction. Moreover, we uncover a hid-
den inversion time-reversal symmetry that it is showed to protect the Z4 periodicity in odd chain
sites even in the absence of interactions. We also analyze the entanglement between pairs of spins
by evaluating the concurrence in the presence of spin currents and highlight the effects of the JW
Majorana states. We propose to use a microwave cavity setup (cQED) for detecting the aforemen-
tioned JEs by dispersive readout methods and show that, surprisingly, the Z2 periodicity is immune
to any local magnetic perturbations. Our results are relevant for a plethora of spin systems, such as
trapped ions, photonic lattices, electron spins in quantum dots, or magnetic impurities on surfaces.
I. INTRODUCTION
Condensed matter system is an endless playground for
emergent exotic phenomena and quasi-particles. In par-
ticular, the concept of topological phases associated with
the band structure of solids has seen tremendous de-
velopments over the past decades [1]. Topological in-
sulators and superconductors are probably among the
most scrutinized, notably because they can host Majo-
rana fermions, quasi-particles that are their own antipar-
ticle, which occur as excitations in such materials [2–4].
Thanks to non-Abelian statistics, Majorana fermions are
crucial ingredients for a functional topological quantum
computer: a set of distant, non-interacting Majorana
fermions allow, through the process of braiding, to imple-
ment a category of topologically protected gates, albeit
not universal unless supplemented by other conventional
gates [5–7].
Genuine topological superconductors are rare, for ex-
ample, Sr2RuO4 is believed to be one [8]. However, quan-
tum engineering through the use of proximity effects in
fermionic systems, can lead to such special superconduc-
tors, i.e. 1D nanowire and 2D topological insulator with
strong spin-orbit interaction (SOI) proximitized with the
conventional s-wave superconductor [9–11]. On the other
hand, quantum magnets can mimic electronic systems
without above proximity requirements [12–14]. Specifi-
cally, a 1D quantum Ising model can emulate a Kitaev
p-wave superconductor, via a renowned Jordan-Wigner
transformation (JWT) [15–18]. In particular, the topo-
logical phase transition and the occurrence of Majorana
fermions as low-energy modes are all mapped into the
spin system when the applied transverse magnetic field
∗ trifmircea@gmail.com
is varied, where the ferromagnetic (paramagnetic) phase
in the spin chain corresponds to the topological (trivial)
phase of the fermionic system [19].
However, one should not be mislead: although there
are some analogies of low-energy excitations between
fermionic system and spin space, some topological prop-
erties will be lost after transformation [20–22]. In the
spin space, Majorana fermions are not localized objects
anymore, and they can be mixed simply by a mag-
netic field along the Ising axis, i.e. the parity of the
ground state is fragile. Nevertheless, it is of crucial im-
portance to investigate how many of topological prop-
erties associated with Majorana fermions survive in the
spin chain, and provide possible experimental witnesses
of their manifestations, such as the existence of Majo-
rana modes. To achieve that, in this work we propose
and study the spin transport through an Ising|XY|Ising
(IXI) spin link in the presence of Ising axes misalign-
ment. Borrowing from the electronic description, such
spin chain system emulates a phase biased topological
superconducting|normal|superconducting (SNS) junction
that hosts Andreev bound states (ABSs), with supercur-
rents flowing through the middle part [23–26].
The symmetries of a system play an essential role
in the topological phase classification. Nowadays, non-
interacting fermionic systems are classified into ten
classes by means of three fundamental symmetries: time-
reversal symmetry (TRS), particle-hole symmetry (PHS)
and sublattice symmetry (SLS) [27–30]. Besides, crys-
talline symmetries (e.g. inversion symmetry) [31–34], as
well as many-body interactions [35, 36], can also lead to
different topological classes which, among other things
(e.g. impurities [37–39]), may result in various periodic-
ities of Josephson effects (JEs). Roughly speaking, peri-
odicities of JEs in fermionic systems are 2pi in the triv-
ial phase, 4pi in the topological phase, 8pi in topologi-
cal phase with many-body interactions or impurities (see
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2Sec. V for rigorous descriptions). The latter two cases are
known as Z2 and Z4 fractional JEs pertaining to contri-
butions from Majoranas and parafermions respectively
[39–41]. While in this paper, we would like to see how
symmetries are transformed between spins and fermions,
especially how these fractional JEs affect the spin current
transport [42–45], even under the influence from many-
body interactions and quasi-particle poisoning.
One of the most counter-intuitive characteristics in the
quantum world is the entanglement, whose non-locality
provides another instructive insight to understand topo-
logical phases [46]. Nowadays, there is still no universal
way to quantify the entanglement of a mixed state shared
by arbitrary subsystems [47]. However, one could ana-
lytically compute the entanglement of a mixed state in a
bipartite spin-1/2 systems by virtue of concurrence [48].
The variation of entanglement across the quantum phase
transition point has been investigated in the anisotropic
XY spin chain with periodic boundary conditions [49].
Here instead we evaluate the entanglement between spins
in the presence of a spin flow, and analyze how the spin
supercurrent pertaining to the Majorana fermions affect
the entanglement.
The experimental method of choice for detecting spin
currents in insulating (quantum) magnets is via the in-
verse spin-Hall effect: a metal with strong SOI is coupled
to the insulating magnet, and the spin current injected
in the metal, via the SOI, results in a charge current that
can be measured by usual means [50]. While this method
is effective for large spin systems, the signal might be too
small for quantum spin chains. Thus, we propose to de-
tect the spin current flow in a cavity QED setup, where
such a spin flow affects the cavity frequency and Q-factor
which can then be detected by measuring the spectral
features of the cavity.
The paper is organized as follows. In Sec. II we intro-
duce the spin system and the model Hamiltonian. There
we perform the mapping from spins to fermions via the
JWT. In Sec. III we analyze the symmetries of the two
representations appearing at the lattice level, and figure
out their resulting degenerate properties in the spectrum.
In Sec. IV we consider the low-energy continuum theory,
both close to the quantum phase transition point as well
as in the deep topological regime, to solve for the ABSs
spectra analytically, and compare to those found numeri-
cally. In Sec. V we discuss different scenarios of fractional
JEs regarding effective TRS in the continuum limit and
inversion TRS at the lattice level, respectively. In Sec. VI
we calculate the texture of spin entanglement quantified
by concurrence in the presence of a persistent spin su-
percurrent in the XY sector. In Sec. VII we propose and
analyze the coupling of the spin chain to a microwave
cavity for readout of the spin current and the periodic-
ities, along with examining the robustness of fractional
JEs under perturbations of in-plane magnetic fields. Fi-
nally, in Sec. VIII we end up with some conclusions and
an outlook on future directions.
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FIG. 1. (a) Schematic of the IXI spin (blue ball) chain in
the transverse field (purple arrow): the middle part (green
dashed box) is the isotropic XY model, the left and right parts
(red dashed boxes) are the quasi-Ising model with the same
anisotropy γ, whereas the right part contains a different spin
anisotropic angle φ (the orientation of the orange arrow) from
the left part. (b) After the JWT, the IXI emulates a topo-
logical SNS structure, every fermion (blue box) is split into
two Majoranas (green dots). There can host Majorana cou-
plings (red dashed arrow) between the left and right p-wave
superconductors. (c) The wavefunction (blue curve) of the
JW Majorana bound state lies in the gapped-gapless-gapped
topological SNS structure.
II. MODEL HAMILTONIAN
The N -site anisotropic XY spin chain in a transverse
field is presented schematically in Fig. 1(a) with open
boundary conditions, whose Hamiltonian reads
HˆSG = −J
∑
i
(ti+γi)σˆ
m
i σˆ
m
i+1+(ti−γi)σˆni σˆni+1+giσˆzi , (1)
where σˆ
m(n)
i = σˆi ·mi(ni), σˆi = (σˆxi , σˆyi , σˆzi ) is a spin
vector constructed by Pauli matrices at site i, mi =
(cosφi, sinφi, 0), ni = (− sinφi, cosφi, 0), φi is the spin
anisotropic angle with respect to the z axis, 0 ≤ γi ≤ 1
marks the degree of anisotropy in the xy-plane, J > 0 is
the spin exchange constant, 0 ≤ ti ≤ 1 is the coupling
strength, gi = g is the relative magnitude of the global
transverse field along the z axis, lengths are measured in
units of the lattice spacing a.
By tuning the value of parameters, the chain is split
into three regions: Ising|XY|Ising, connected with two
spin Josephson junctions (JJs). The number of sites in
left, middle and right part is NL, NM, NR, respectively.
The middle chain, along with two left and right interfaces
(xL = NL, xR = NL + NM), are described as the isotropic
XY model by setting γi = φi = 0, ∀i ∈ [xL, xR]. The
left and right parts refer to the quasi-Ising (anisotropic
XY) model γi = γ 6= 0, together with a global twisting
angle φi = φ imposed on the right part, while φi = 0 in
the left part. Although the coupling strength is set as
ti = t globally, the parameters at two interfaces can be
specifically adjusted to txL = txR = t. When t = t, the
connections between different parts are perfect, while if
t = 0 they are decoupled from each other.
3We perform the JWT, cˆ†i =
∏i−1
j=1(−σˆzj )σˆ+i , σˆ±i = (σˆxi ±
iσˆyi )/2, on Eq. (1) and obtain the fermionic Hamiltonian
HˆFG =− 2J
∑
i
[
(ticˆ
†
i cˆi+1 + γie
−2iφi cˆ†i cˆ
†
i+1 + h.c.)
+ gi(cˆ
†
i cˆi − 1/2)
]
,
(2)
where cˆ†i (cˆi) is the creation (annihilation) operator of
the JW electron at site i. It turns out the IXI emulates
a topological superconducting|normal|superconducting
(SNS) junction. Fig. 1(b) presents a schematic of the
mapping from the IXI model to the SNS structure. Since
Eq. (2) is quadratic, it can be expressed in Bogoliubov-de
Gennes (BdG) form HˆFG = 1/2Cˆ
†HFGCˆ with
HFG =− 2J
∑
i
{
[(tiρz + iγie
−2iφiρzρy)⊗ |i〉 〈i+ 1|
+ h.c.] + giρz ⊗ |i〉 〈i|
}
,
(3)
where Cˆ = (cˆ1, cˆ2, . . . , cˆN, cˆ
†
1, cˆ
†
2, . . . , cˆ
†
N)
T is a 2N -
dimensional spinor and |i〉 = (0, . . . , 1, 0, . . . )T is an N -
dimensional basis vector corresponding to the i-th site of
the chain, ρx,y,z are Pauli matrices acting on the Nambu
particle-hole space. By use of the Bogoliubov quasi-
particle Dˆ = (dˆ1, dˆ2, . . . , dˆN, dˆ
†
1, dˆ
†
2, . . . , dˆ
†
N)
T basis, HˆFG is
diagonalized into
∑
n n(dˆ
†
ndˆn − 1/2) with a set of single-
particle energy n.
When the twisting angle φ of the right Ising part is
nonzero, there is a spin supercurrent flowing through the
middle sector, whose coupling Hamiltonian is XY-type
HˆXY = −Jt(σˆxi σˆxi+1 + σˆyi σˆyi+1). Thus we define a spin
current operator as Jˆi ≡ i[σˆi, HˆXY] = Jˆzez with
Jˆz/(−2Jt) = σˆxi σˆyi+1−σˆyi σˆxi+1 = 2i(cˆ†i cˆi+1− cˆ†i+1cˆi) . (4)
Note that 〈Jˆi〉 remains a constant ∀i ∈ (xL, xR) in the
middle part due to current conservation. After adiabatic
evolution of φ for a full period, there can be a net spin
pumped between the left and right Ising parts.
III. LATTICE SYMMETRY ANALYSIS
The symmetries of a system are independent of repre-
sentations, although they can be interpreted differently
in the spin and fermionic pictures. In following subsec-
tions we will identify the symmetries occurring in the spin
system and find out their fermionic counterparts through
the JWT. To be more general, we introduce two types of
interacting Hamiltonians: the ZZ-type
HˆSI = −J
∑
i
δiσˆ
z
i σˆ
z
i+1 , (5)
acting on the spin space and the NN-type (Coulomb)
HˆFI = −4J
∑
i
χinˆinˆi+1 , (6)
in terms of fermions, which are connected by the JWT
as 4nˆinˆi+1 ⇔ 1 + σˆzi + σˆzi+1 + σˆzi σˆzi+1. Although they are
equivalent after global renormalization of the magnetic
field, will have significant implications as we see below.
A. Spin Z2 Symmetry
The spin chain contains Z2 symmetry as [HˆSG, PˆS] = 0
by an operator PˆS =
∏
i σˆ
z
i , Pˆ
2
S = +1, which acts on Pauli
operators as
PˆSσˆ
m(n)
i Pˆ
−1
S = −σˆm(n)i , PˆSσˆzi Pˆ−1S = +σˆzi . (7)
By the JWT, the corresponding operator in the fermionic
system is identified as a parity operator PˆF =
∏
i(2nˆi−1),
which transforms fermionic operators as
PˆFcˆ
†
i Pˆ
−1
F = −cˆ†i , PˆFcˆiPˆ−1F = −cˆi . (8)
Since Eq. (2) is a sum of terms containing even number
of fermionic creation and annihilation operators, the sys-
tem is required to preserve the parity as [HˆFG, PˆF] = 0 at
any time, although the number of fermions is not con-
served. One can easily verify that Z2 symmetry holds for
the aforementioned two types of interacting Hamiltoni-
ans. Considering the pure Ising chain with δi = gi = 0
and γi = ti, the spin ground states will simultaneously
break above Z2 symmetry, which in turn gives two de-
generate ground states in the Kitaev model characterized
by Majorana zero modes.
B. Real Time-Reversal Symmetry
If gi = 0 globally, Eq. (1) contains real TRS (rTRS)
with [HˆSG, TˆS] = 0 by the operator TˆS =
∏
i iσˆ
y
i K acting
on the Pauli operators as
TˆSσˆ
α
i Tˆ
−1
S = −σˆαi , α = m,n, z . (9)
where K is an anti-unitary complex conjugate operator.
Since Tˆ 2S = (−1)N , according to Kramers theorem, all
many-body spectra must be at least doubly degener-
ate when N is odd. Through the JWT, Eq. (2) ful-
fills [HˆFG, TˆF] = 0 inherited from the spin space, TˆF =∏
i[cˆ
†
i + (−1)N+1+icˆi]K is a second-quantized operator
acting on Fock space as TˆFiTˆ
−1
F = −i ,
TˆFcˆ
†
i Tˆ
−1
F = (−1)icˆi , TˆFcˆiTˆ−1F = (−1)icˆ†i . (10)
This can be interpreted as the charge conjugation in the
fermionic language. Based on non-interacting Eq. (3), we
can rewrite TˆF in a first-quantized form
TF = ρxK ⊗
∑
i
(−1)i |i〉 〈i| , T 2F = +1 , (11)
which renders [HFG, TF] = 0. Note that Eq. (10) is more
general than Eq. (11) since it can deal with Eq. (6) and
find out [HˆFI , TˆF] 6= 0, yet the ZZ-type interactions in
Eq. (5) retain rTRS due to [HˆSI , TˆS] = 0.
When N is odd, the twofold degeneracies in the many-
body spectrum are protected by the second-quantized
rTRS operator with Tˆ 2F = −1, which enforces intrinsic
4zero modes in the single-particle spectrum. Under the
fermionic picture, as the coupling strength t increases,
the amplitudes of aforementioned zero modes in the mid-
dle part will exponentially leak into the superconducting
parts, and fully merge with Majorana zero modes in the
thermodynamic limit, whose wavefunctions are well lo-
calized at the edges of the chain and cause no effect on
the sub-gap spectrum.
C. Inversion Time-Reversal Symmetry
Although the first-quantized rTRS operator T 2F = +1
cannot reflect any degenerate properties in the single-
particle spectrum, it gives us a hint to find out a hidden
inversion TRS (iTRS) which leads to an odd-even effect
(see discussions in Sec. V B). We first introduce a lattice
inversion operator
I =
∑
i
(−1)i (|i〉 〈N + 1− i|) , I2 = (−1)N+1 , (12)
which will transform matrix elements of the nearest
neighboring sites with additional minus sign after apply-
ing on the lattice space, e.g. t˜i ≡ tN−i → −ti whereas
g˜i ≡ gN+1−i → gi, where we denote parameters with
tilde are elements inverted from original position. With
the help of I, we can define the iTRS operator
TI =
{
iρyK ⊗ I , for odd N
ρxK ⊗ I , for even N , (13)
Apply TI into Eq. (3) as TIHFGT −1I , we obtain
−2J
∑
i
{[(
t˜iρz − (−1)N iγ˜ie−2iφ˜iρzρy
)
⊗ |i〉 〈i+ 1|+ h.c.]− g˜iρz ⊗ |i〉 〈i|} . (14)
By comparing Eq. (3) and Eq. (14), it turns out that in
order to retain iTRS as [HFG(φ), TI] = 0 in the IXI chain,
not only should we set g˜i = gi = 0, t˜i = ti, γ˜i = γi, but
also φ is required to be specific values:
e−2iφ = (−1)N+1 ⇔ φ =
{
lpi , for odd N
pi/2 + lpi , for even N
, (15)
with l ∈ Z. Note that T 2I = −1 in both odd-even cases,
according to Kramers theorem, all single-particle states
at above specific φ should contain twofold degeneracy.
More generally, we rewrite Eq.(12) as second-quantized
form acting on fermionic operators as TˆIiTˆ
−1
I = −i ,
TˆIcˆ
†
i Tˆ
−1
I =
{
+i(−1)icˆN+1−i , for odd N
(−1)icˆN+1−i , for even N , (16)
and its actions on spin space are TˆIσˆ
z
i Tˆ
−1
I = −σˆzN+1−i,
TˆIσˆ
m(n)
i Tˆ
−1
I =
{
+iPˆSσˆ
m(n)
N+1−i , for odd N
±iPˆSσˆn(m)N+1−i , for even N
, (17)
which can be understood as the charge-parity symmetry.
When we deal with ZZ-type interactions in Eq. (5),
TˆI(−HˆSI /J)Tˆ−1I =
∑
i
δ˜iσˆ
z
i σˆ
z
i+1 , (18)
once given δi = δ˜i symmetrically, the system Hamilto-
nian always commutes with iTRS operator at specific φ
illustrated in Eq. (15), which ensures twofold degenera-
cies of many-body states in the interacting case. As for
the NN-type interactions in Eq. (6), we obtain
TˆI(−HˆFI /4J)Tˆ−1I =
∑
i
χ˜icˆicˆ
†
i cˆi+1cˆ
†
i+1 , (19)
and expand to
∑
i χ˜i(nˆinˆi+1+1− cˆ†i cˆi− cˆ†i+1cˆi+1), whose
last three terms will break iTRS at any φ, even if we set
χi = χ˜i symmetrically.
Note that in the above proof all parameters are re-
quired to hold strict inversion symmetry under NL = NR,
thus the odd-even effect only depends on NM. However,
by the fact that the ABSs decay exponentially in the
two superconducting parts, as long as their lengths are
much larger than superconducting coherence length, the
degenerate properties are still robust within the energy
gap regardless of the parity and the equality of NL and
NR, which in turn underlines the dominance of NM.
IV. LOW-ENERGY CONTINUUM THEORY
In following subsections we will develop the low-energy
continuum theory with the aid of fermionic descriptions.
Given translation symmetry under periodic boundary
conditions, the bulk spectrum of the isolated anisotropic
XY spin chain reads [16]:
k = 2J
√
(2t cos ka+ g)2 + 4γ2 sin2 ka , (20)
where k is the wave number after the Fourier transforma-
tion. When γ 6= 0 the spectrum is always gapped except
at |g| = 2t where the system undergoes a quantum phase
transition. In the case of |g| < 2t, the fermionic chain
will be in a topological phase where Majorana fermions
appear at the edges if we cut off the chain, and the cor-
responding topological invariant is characterized by the
topological winding number W = 1 (see Appx. A for
details). However, if |g| > 2t such edges modes will dis-
appear, the chain enters the trivial phase and the value
of the topological winding number goes to zero. Fig. 1(c)
depicts the wavefunction of the JW Majorana bound
state (MBS) in the presence of a phase bias between two
superconducting parts. Note that the middle sector is
gapped in the trivial regime |g| > 2t, which hinders the
occurrence of the supercurrent and makes the chain in-
sulated. Since we are interested in the JEs pertaining to
the supercurrent, we will only focus on the topological
regime in the whole paper.
5A. Near the Critical Point
On account of the long wavelength excitations domi-
nating the low-energy properties near the critical point
[51], we can replace the fermionic operators in Eq. (2) by
a continuous Fermi field operator cˆi =
√
aψˆ(x) and ex-
pand it to second order in the spatial gradients to obtain
the single-particle continuous Hamiltonian:
HCG/2J = −
(
2t+ g + ta2∂2x
)
ρz−2iγiae−2iφiρzρy∂x , (21)
where HCG is BdG matrix in HˆCG = 1/2
∫
dxΨˆ(x)†HCGΨˆ(x)
under the basis of a field spinor Ψˆ(x) = [ψˆ(x), ψˆ†(x)]T.
The coefficient in front of the second and first derivative
indicates the effective mass m∗i = ~2/(4Jta2) and veloc-
ity respectively [19]. In order to mimic the imperfect
connections between different parts, we introduce a fic-
titious potential λaδ(x− xL,R) at two interfaces xL,R with
barrier strength λ. When λ→∞, the three parts of the
chain are decoupled from each other.
After solving out the two-component wavefunction
Φ(x) = [u(x), v(x)]
T
of the differential BdG equations
HCGΦ(x) = Φ(x), we can impose boundary conditions at
the two interfaces to obtain the left and right scattering
matrices SCL = S(−1, 0),SCR = S(+1, φ) with
S(τ, φ) = 1S∗0
[ S1 iτe−2iφS2
iτe+2iφS2 S∗1
]
, (22)
and the entries are defined as
S0 = sinβ(1 + ζ2 − 2ζeiβ)− 2ieiβ(sin2 α− sin2 β) ,
S1 = − sinβ[1 + ζ2 − 2ζ(cosβ + i sinα)] ,
S2 = 2 sinα
√
sin2 α− sin2 β ,
where we introduce α = U + V, β = U − V, ζ = λ/γ,
U = arccos[(Λ− Ξ)/Γ]/2, V = arccos[(Λ + Ξ)/Γ]/2, Λ =√
Γ2 + Ξ2 − 2ΓΩ, Γ = 2γ2, Ξ = t/2J , Ω = t(2t + g) to
simplify the expression. The waves at two interfaces only
contain different factors caused by the middle wave num-
ber K±M =
√
Ω± Ξ/ta, which is described by scattering
matrix SCM = exp(iρzKρzM L), L = (NM + 1)a is the length
of the middle part. Notice that such wavefunction factor
will be canceled out due to Andreev reflection after trav-
eling for one loop, which enforces det(1−SCMSCRSCMSCL ) = 0
and gives the solvability equation:
Re
[
S20ei(K
+
M−K−M)L − S21ei(K
+
M+K
−
M)L
]
= S22 cos(2φ) . (23)
The energy spectrum of the ABSs is determined by the
above equation. In leading order series expansion around
zero energy, the spectrum is given by
Ξ = 2
√
Ω
(pi
2
∓ φ+ npi
)/[ L
ta
+
(λ− γ)2 + 2Ω
2γΩ
]
, (24)
which is plotted in Fig. 2(a) against spectra from the
exact continuum and lattice. The explicit wavefunctions
and technical details are illustrated in Appx. B.
B. Deep Topological Regime
In the deep topological regime g → 0, the energy
gap gap = 2Jγ
√
4− g2/(t2 − γ2) → 4Jγ occurs around
±kF = ± arccos(−g/2t)/a ≈ ±pi/2a with the proviso
of γ  t. Accordingly, we can expand the lattice
fermionic operator around two Fermi points as cˆi/
√
a =
e+ikFxψˆR(x) + e
−ikFxψˆL(x), where ψˆR,L are right and left
mover field operators. We substitute the above trans-
formation into Eq. (2), expand it to the leading order
in the spatial gradients and neglect the fast oscillat-
ing terms. By defining a continuous Fermi field spinor
Ψˆ(x) = [ψˆR(x), ψˆL(x), ψˆ
†
L (x),−ψˆ†R(x)]T, the deep topo-
logical Hamiltonian can be expressed in the BdG form
HˆDG = 1/2
∫
dxΨˆ(x)†HDGΨˆ(x) with matrix HDG as
HDG/2J = Υ(−i∂x)ρzτz + ∆ie−2iφiρzρx , (25)
where Υ = 2ta sin(kFa) is the effective velocity, ∆i =
2γi sin(kFa) is the effective pairing potential [23], τx,y,z
are Pauli matrices acting on the mover space. Note that
the phase is globally shifted by pi/4 in order to keep ∆i a
real number. The above Hamiltonian emulates JJs cre-
ated at the edge of a quantum spin Hall (QSH) insulator
[52–54], and thus we can define an effective TRS (eTRS)
as [HDG(φ), TE] = 0, TE = iτyK for φ = lpi/2, l ∈ Z [55].
Since T 2E = −1, there must be spectrum degeneracies at
those specific phases due to Kramers theorem.
Owing to [HDG, τz] = 0, it is more convenient to decom-
pose the Hilbert space in two τz eigensectors τ = ±1
and solve HDGΦτ (x) = τΦτ (x) with their correspond-
ing eigenfunctions Φ+(x) = [u+(x), 0, v+(x), 0]T,Φ−(x) =
[0, u−(x), 0, v−(x)]T. Applying continuity conditions at
two interfaces xL,R on the wavefunctions of each eigensec-
tor, we can obtain the left and right scattering matrices
SDL = exp(−2iW)ρx, SDR = exp(−2iW)e−2iφρzρx, where
we denote W = arccos(E/∆)/2, E = /2J . The scatter-
ing matrix of the middle part is only determined by the
middle wave number KM = E/Υ as SDM = exp(iKML)eikFρz .
The solvability equation det(1 − SDMSDRSDMSDL ) = 0 of the
Andreev reflection requires
EL/Υ + τφ = arccos(E/∆) + npi, n ∈ Z . (26)
One can use the above transcendental equation to solve
out the continuum spectrum. Under the low-energy lead-
ing approximation, the energy becomes
E = (pi/2− τφ+ npi)/(L/Υ + 1/∆), n ∈ Z , (27)
which is plotted in Fig. 2(b) against the exact contin-
uum spectrum and the full lattice spectrum. The index
τ indicates the slope of the spectrum as a function of φ:
τ = ±1 for downward (upward) branches respectively.
In the case of the point contact limit L → 0, Eq. (26)
is reduced to E → τ∆ cosφ [25]. Appx. B presents the
explicit wavefunctions and calculation details.
6C. Numerical Comparison
With the single-particle spectrum n at hand, one can
construct the many-body spectrum En: the ground state
is built with all the negative-energy single-particles filled,
the following excited states are obtained by adding the
corresponding quasi-particles to the ground state, whose
total number characterizes the parity of the system.
Fig. 2 displays the exact numerical single-particle and
the many-body spectra near the critical point and in the
deep topological regime, compared with results from two
low-energy continuum models respectively. It is clear
that both continuum theories show great agreement with
solutions from the numerical lattice model in the single-
particle spectrum (a)(b), which can be interpreted as
follows. When the spin chain is near the critical point
Ω → 0 with Γ & Ω, the energy gap 2J |2t− |g|| will al-
ways happen around k = 0, where the long wavelength
continuum theory takes charge of the system. While if
the chain is in deep topological regime with Γ  Ω, the
energy gap gap ≈ 4Jγ reaches around two Fermi points
±kF, which supports the validity of the deep topological
continuum theory. From the perspective of fermionic lan-
guage, the superconducting coherence length is defined
as ξ = Υ/∆ = ta/γ [23], while the continuum theory
requires the coherence length to be much larger than the
wave length, i.e. ξ  2pi/kF, which also leads to the
validity condition γ  t.
In spite of the excellent accordance in the single-
particle spectra (a)(b), there are only fair agreements
between numerical and analytical results in the many-
body spectra (c)(d), where we have globally shifted the
energies to make the ground state energy zero at φ = 0.
Since the many-body spectrum of the low-energy con-
tinuum theory can only be constructed by few single-
particle energies of ABSs, the attributions from propa-
gating states outside the gap will not be captured in the
analytical continuum theory. Yet it is still worthy to
point out the spectrum near the critical point matches
better than that in the deep topological regime due to
weaker φ-dependence of propagating state energies.
V. FRACTIONAL SPIN JOSEPHSON EFFECT
Historically, the original JE was used to described the
supercurrent tunneling through a weak link between the
conventional s-wave superconductors, following 2pi peri-
odicity of the system Hamiltonian [26]. Nevertheless, JJs
designed between the topological p-wave superconductors
are predicted to exhibit 4pi-periodic supercurrent, a hall-
mark manifestation for the existence of MBSs [56–58].
Notably, a variety of JEs can be inferred from JJs based
on the edges of QSH insulators: under TRS and parity
conservation, there is a dissipative current varied as 2pi
periodicity in the presence of a dc voltage bias; once TRS
is broken, the current becomes non-dissipative and evolve
as 4pi periodicity protected by the PHS from MBSs [54].
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FIG. 2. Spectra of the IXI as a function of φ by evaluating
J = a = t = t = 1, γ = 0.4, λ = 0, NL = NR = 100, NM = 10
in two regimes. Black dots are solved numerically by the lat-
tice model, blue lines are obtained by solving the transcenden-
tal Eq. (23) and Eq. (26) of the low-energy continuum theory
in two regimes, red dashed lines are Majorana solutions calcu-
lated by the explicit Eq. (24) and Eq. (27) by setting n = −1
(n = 0) for upward (downward) branch, green (dashed) lines
are many-body spectra with even (odd) parity constructed by
the single-particle energies, solid (dashed) circles are crossings
protected by the eTRS (PHS). More specifically: (a) and (b)
are the single-particle spectra near the critical point g = −1.7
and in the deep topological regime g = 0, respectively; (c) and
(d) are their corresponding many-body spectra.
Furthermore, given TRS with Coulomb interactions [40]
or impurities [37–39], the current can even be dissipation-
less with 8pi periodicity, while the sz-conserving interac-
tions will lead to dissipation with original 2pi periodicity
[38]. Such 4pi (8pi) periodicity is called Z2 (Z4) fractional
JE for the sake of e (e/2) electron charge being trans-
ferred in 2pi period of the system Hamiltonian, instead
of Cooper pairs 2e in the conventional superconductors.
However, in Ref. [59] it was shown that such 8pi periodic-
ity can be achieved without Coulomb interactions, based
on a p-wave superconductor lattice ring interrupted by
one weakly coupled normal site.
Before analyzing the spin JEs in our setup, we want
to make a key observation. The spin twisting angle φ
has been mapped into the superconducting phase 2φ,
i.e. it was doubled, which makes all periodicities of the
fermionic JEs twice as large as the spin JEs. Explicitly,
periodicities of trivial, Z2, Z4 JEs become pi, 2pi, 4pi in
the spin chain, respectively, compared with 2pi, 4pi, 8pi in
the fermionic systems. To avoid confusion, in following
discussions, we will use trivial, Z2, Z4 terms to illustrate
various JEs in two representations.
7Having seen the scheme of JEs in fermionic systems, a
question naturally arises: except for the alteration at the
phase φ by a factor of two, are there any topological simi-
larities and differences between the fermionic JEs and the
spin JEs? In the following subsections, we will investigate
various spin JEs from two perspectives: continuum model
and lattice level. Moreover, in order to reveal the influ-
ence of many-body interactions on spin fractional JEs,
we can add ZZ-type interactions into Eq. (1), and NN-
type interactions into Eq. (2), respectively, both of them
acts only within the middle sector. Note that previous
BdG diagonalization fails due to the non-quadratics of
the fermionic Hamiltonian, we should apply brute-force
diagonalization on a 2N -dimensional matrix in the spin
space, which is limited by the number of sites.
A. Continuum Scenarios
In the low-energy continuum limit, both Eq. (21) and
Eq. (25) obey the PHS: {HCG, CC} = 0, CC = ρxK near
the critical point and {HDG, CD} = 0, CD = ρyτyK in the
deep topological regime, which guarantees the crossings
of MBSs and switches the parity of the ground state at
φ = pi/2. Additionally, as we have shown in Sec. IV,
crossings at φ = lpi/2 are protected by the eTRS of
Eq. (25) in the deep topological regime, which is indeed
equivalent to JJs attached to the edge of QSH insulators.
Therefore, adiabatically advancing the spin twisting an-
gle φ will pump each ABS into the bulk and lead to dis-
sipative current with trivial periodicity, as displayed in
Fig. 2(b)(d). Nonetheless, when the system is tuned close
to the critical point where the eTRS is broken, there are
anti-crossings at φ = lpi/2 in Fig. 2(a)(c), with the ex-
ception of φ = pi/2 crossing protected by Majorana PHS.
Under this circumstance, every ABSs are detached from
the bulk and give rise to dissipationless spin current with
Z2 periodicity.
Here we briefly discuss the effect of the many-body in-
teractions on the spin JEs. In Fig. 3, we show the many-
body spectra in the deep topological regime, taking into
account interactions of ZZ-type and NN-type, respec-
tively, both still with the eTRS maintained. Compared
with Fig. 2(d), prior fourfold degeneracy at φ = pi/2 is
lifted in Fig. 3(b) via the Coulomb interactions, a dissi-
pationless Z4 spin current raises as expected in Ref. [40].
While ZZ-type interactions in Fig. 3(a) can only shift
crossings away as opposed to breaking them. On ac-
count of the energy levels moving up into the bulk as
φ is increased, the spin current retain dissipative with
trivial periodicity as the aforementioned non-interacting
case. This phenomenon basically resembles QSH JJs ac-
companied with sz-conserving interactions in Ref. [38].
Although there are small gaps at φ = pi caused by finite-
size effects (e.g. slowly oscillatory umklapp or Friedel
terms), they can be fairly suppressed under the contin-
uum limit as γ → 0 [55].
(a) ZZ-type interactions: δ=0.4 (b) NN-type interactions: χ=0.4
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FIG. 3. Many-body spectra of the IXI varied as φ, calculated
by exact diagonalization under J = t = t = 1, γ = 0.6,
g = 0, NL = NR = 9, NM = 6 after adding interactions.
Solid (dashed) lines indicate even (odd) parity supplemented
with original data (black dots), dashed circles are crossings
protected by the PHS, rectangles refer to crossings protected
by the eTRS in the continuum limit while broken by finite-size
effects, gaps at arrows are lifted by interactions. Specifically:
(a) is under ZZ-type interactions with δ = 0.4, (b) includes
NN-type interactions with χ = 0.4.
B. Lattice Odd-Even Effect
The eTRS in the continuum limit requires the trans-
port through JJs to be highly transparent, any imperfect
connections t 6= t are able to break such symmetry and
open gaps at the lattice level, which leads to following
odd-even effects. As we have proven in Sec. III, there is
an iTRS appearing at the lattice level when all param-
eters are set inverted symmetrically, bringing about dif-
ferent crossing properties for odd-even sites. Especially
for all single-particle states illustrated in Fig. 4(a)(b),
there must be Kramers pairs at φ = lpi for odd N and
φ = pi/2 + lpi for even N , according to conclusions in
Eq. (15). This remarkable result can be used to exactly
attach or detach crossings at specific φ of the many-body
spectra, shown in Fig. 4(c)(d), by means of changing the
parity of sites. As a consequence, adiabatically following
the ground states will eventually lead to Z2 (Z4) spin cur-
rents for the even (odd) sites, as displayed in Fig. 4(e)(f)
calculated by Eq.(4). Alternatively, the spin current can
be analytically computed by 〈Jˆz〉n = −2∂En/∂φ, if we
apply a phase-shifted JWT cˆ†i = e
−iφ∏i−1
j=1(−σˆzj )σˆ+i on
the right part and move φ into the tunneling Hamilto-
nian [20], which gets along with conventional results for
the fermionic Josephson current [26].
In addition, our conclusion reveals the unusual Z4 frac-
tional JE in Ref. [59] is actually protected by the iTRS.
In fact, their model Hamiltonian is equivalent to ours
for NM = 1 after applying the phase-shifted JWT [60].
The reason why in their case the Z4 periodicity cannot
survive under the Coulomb interactions is that NN-type
interactions do not commute with iTRS, whereas ZZ-type
interactions do, as it happens in spin chains. Namely, the
spectra may be shifted under ZZ-type interactions while
crossings are still protected. Therefore, Z4 spin current
originated from iTRS does not depend on whether there
are ZZ-type interactions or not.
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FIG. 4. Spectra and spin supercurrents of the IXI as a func-
tion of φ, solved numerically by the BdG matrix diagonaliza-
tion under J = t = 1, t = 0.8, γ = 0.4, g = 0, NL = NR = 100
in both odd-even cases. Solid (dashed) lines in the single-
particle spectra are the energies of the particles (holes), solid
(dashed) lines in the many-body spectra refer to the even
(odd) parity, solid (dashed) circles are crossings protected by
the iTRS (PHS), the gaps specified by the arrows are lifted
by the imperfect couplings t < t. Specifically: (a) and (b)
are the single-particle spectra for NM = 10 and NM = 11
respectively, (c) and (d) are their corresponding many-body
spectra, whose single-particle occupations are shown in plot
labels, (e) and (f) are spin currents of their lowest two and
four states evaluated from Eq.(4), showing Z2 and Z4 period-
icities respectively.
VI. TEXTURE OF SPIN ENTANGLEMENT
In this section we evaluate various spin correlation
functions in the presence of the spin supercurrent car-
ried by JW Majoranas in the XY sector. Specifically,
we are interested in the single spin expectation value
pαi ≡ pαi (φ) = 〈σˆαi 〉, as well as the spin-spin correla-
tion function pαβij ≡ pαβij (φ) = 〈σˆαi σˆβj 〉 with α, β = x, y, z.
Their knowledge allows us to derive the reduced density
matrices for an arbitrary single i and pair of spins ij,
respectively, whose expressions are explicitly shown as:
ρi(φ) =
1
2
3∑
α=0
pαi σˆ
α
i , ρij(φ) =
1
4
3∑
α,β=0
pαβ σˆ
α
i σˆ
β
j . (28)
Since the Hamiltonian conserves the parity of the sys-
tem, we can readily infer that pxi = p
y
i = 0, thus
the spin texture has only one non-zero component pzi ,
along the z-direction. Based on the same arguments,
pxzij = p
zx
ij = p
yz
ij = p
zy
ij = 0 also holds for the two-spin
correlators. Nevertheless, pxyij and p
yx
ij cannot be zero
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FIG. 5. Concurrences in the XY sector for ground states as a
function of φ, computed from the Pfaffian of the correlation
matrices under J = t = 1, t = 0.8, γ = 0.4, NL = NR = 100
in all sub-figures. (a) and (b) are nearest-neighbor concur-
rences in the deep topological regime g = 0 for NM = 10 and
NM = 11 separately, where the variation of φ is extended to
full 4pi period in (b). While (c) and (d) are nearest-neighbor
and next-nearest-neighbor concurrences for NM = 10 near the
critical point g = −1.8, respectively.
when there are spin supercurrents flowing through the
middle XY part, as a result of nonzero value in Eq.(4).
Under this circumstance, regular determinant stratagems
used in Refs. [16, 19, 49] fail to solve out correlators
of two arbitrary spins. However, such correlators, to-
gether with nonzero pxxij and p
yy
ij , can be obtained by com-
puting the Pfaffian of their corresponding well-organized
2k-dimensional skew-symmetric matrices [61, 62], where
k = |i− j|, and technical details are given in Appx. C.
With all spin correlators at hand, we are able to es-
tablish the reduced density matrices, and then evaluate
the degree of entanglement in the system. There are
two simple ways to quantify the entanglement between
two subsystems [49]: (i) a single site and the rest of the
lattice; (ii) two arbitrary spins in the chain. For the for-
mer case, the entanglement can be calculated via the von
Neumann entropy Si(φ) = −tr[ρi(φ) log ρi(φ)], assuming
the whole chain in a pure state. For the two sites case
in a mixed state, the amount of entanglement shared be-
tween the spins is quantified by the concurrence C. In
particular, for two arbitrary spin-1/2 sites at the positions
i and j in the chain, the concurrence is given by [48]:
C(ρij) = max[0, λ
1
ij − λ2ij − λ3ij − λ4ij ] , (29)
where the λkij are the eigenvalues sorted in descending
order of the Hermitian matrix Rij =
√√
ρij ρ˜ij
√
ρij with
ρ˜ij = (σˆ
y
i ⊗ σˆyj )ρ∗ij(σˆyi ⊗ σˆyj ). The concurrence increases
from C = 0 for a separable state to C = 1 for a max-
imally entangled state. In Ref. [49] it was showed that
the single-site entropy, as well as the concurrence between
two arbitrary spins peak around the quantum phase tran-
sition as a function of the transverse magnetic field. Here
we pose a different question: assuming the system in the
9topological regime, how is the entanglement in the XY
sector affected by the presence of spin supercurrents per-
taining to a finite twist angles φ?
In Fig. 5 we plot the texture of the spin concurrences
as a function of φ for odd-even cases in different regimes,
following the ground states in Fig. 4. It is apparent to
see that there are two different textures of spin entan-
glement for odd-even cases depicted in (a)(b), not only
evolving with two kinds of periodicities, but also taking
peaks (nadirs) at different φ. Such phenomena are due
to the fact that through increasing φ, the many-body
levels have been shifted to higher values, which makes
them more susceptible to upper excited states. On ac-
count of finite size effects with open boundary conditions,
the entanglement oscillates with frequency ∼ 2kF as site
varies [63], which can be enhanced by larger susceptibil-
ities close to anti-crossing points.
Furthermore, by comparing (a)(b) to (c)(d), one might
wonder why concurrences near the critical point are less
than that in the deep topological regime, since the chain
should be more entangled around quantum phase tran-
sition. The reason is as follows: in the deep topological
regime, only nearest-neighbor concurrences are nonzero,
which means the entanglement is well confined in nearest-
neighbor spins; while as the system approaches the criti-
cal point, the entanglement will be spread out into next-
nearest-neighbor (and so on) spins [49], which makes the
initial nearest-neighbor concurrence decrease.
VII. DETECTION AND ROBUSTNESS
In this section we address the detection of the spin
supercurrents pertaining to the JW Majoranas in the
Ising|XY|Ising spin junction. While the method of choice
for measuring spin currents is through the use of the spin
Hall effect [50], in which case a spin current is converted
to a charge current that can be measured by usual tech-
niques, via the SOI in the adjacent material, here we
propose a less invasive method based on microwave de-
tection. Such an approach has been found suitable for
measuring both the statics and dynamics of ABSs in elec-
tronic systems [64–66]. The idea is to couple the field of
a nearby resonator to various observables of the system,
the interaction terms reads:
Vˆ (t) = βOˆ(a† + a) , (30)
where a (a†) is the annihilation (creation) operator for
the photon in the resonator (assuming one mode only),
while Oˆ are the observables of the system, e.g. Oˆ = σˆαi
(or the sum of a string of spins), with coupling strength β.
This coupling will alter the properties of the resonator,
which in turn can be measured in dispersive readout.
Following Ref. [67], we can write the equation of motion
for the cavity field in the Heisenberg picture as:
a˙ = i[Hˆph + Vˆ (t), a]− κ
2
a−√κbin(t) , (31)
where Hˆph = ω0a
†a is the cavity Hamiltonian, κ quan-
tifies the decay rate of the cavity and bin(t) is the input
field sent to probe it. Note that the output field, ex-
iting from the cavity bout(t), and the input one satisfy
bout(t) = bin(t)+
√
κa(t), which is used to infer the cavity
response. In leading order in the cavity-system coupling
and in the frequency space, we find [67]:
a(ω) = −
√
κbin(ω) + iβ〈OˆI(ω)〉0
−i(ω − ω0) + κ/2− iβ2ΠOˆ(ω0) , (32)
where a(ω) =
∫
dt e−iωta(t) and
ΠOˆ(ω) = −i
∫ ∞
0
dt e−iωt〈[OˆI(t), OˆI(0)]〉0
=
′∑
m,n
|〈m|Oˆ|n〉|2(Fm − Fn)
Em − En − ω − iη , (33)
being the retarded correlation function associated with
the observable Oˆ over the stationary state of the system
〈. . . 〉0. Above, |n〉 and En are the many-body eigen-
states and eigen-energies of the system, respectively, Fn
is the many-body occupation, while the ′ index selects
only the states n 6= m in the summation. Note that all
quantities are expressed in the interaction picture, and
〈OˆI(ω)〉0 is the expectation value of the observable Oˆ in
the frequency space in the absence of the cavity. Since the
energies En, as well as the matrix elements 〈m|Oˆ|n〉 are
functions of φ, the entire correlation function will carry
such a dependence too. In typical spectroscopic experi-
ments, the input field bin(ω)  〈OˆI(ω)〉0 (large number
of photons are sent into the cavity), and we can neglect
this term in the following. Nevertheless, such contribu-
tion can become relevant in out of equilibrium situation,
when it affects the photon number and photon statis-
tics in the cavity. We will not discuss such regimes here,
but refer to Ref. [66] for some details (along with the
schematic of cQED setups). The effect of the correlation
function on the cavity is as follows: the real (imaginary)
part renormalizes the cavity frequency (decay rate).
In this work, we consider a capacitive-like coupling
between the spin chain and the cavity magnetic field
(through the Zeeman coupling), following Ref. [66].
Moreover, we assume the magnetic field of an microwave
cavity couples to the spins in the XY part over a length
l < L, or Oˆ = Sˆl · n, with Sˆl =
∑
i∈l σˆi. Here, n is
the direction of the cavity magnetic field at the position
of the wire, which can be different from the z direction,
and the coupling is assumed to take place from site l0
to site l0 + l − 1. The susceptibility can be written as
ΠS(ω) = Π
z
S (ω) + Π
⊥
S (ω), where the first and second term
corresponding to the matrix element 〈m|Sˆzl |n〉 (longitu-
dinal) and 〈m|Sˆl · n⊥|n〉 (transverse), respectively, with
n⊥ = n − ez. There are no cross terms between the z
(does not change parity) and x, y (flip parity) spin com-
ponents as all the states in the system have a definite
parity. The above susceptibilities have a simple interpre-
tation in the fermionic language: the first contribution
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FIG. 6. Dependence of the longitudinal susceptibility on φ
calculated by Eq. (37) with J = t = 1, t = 0.8, γ = 0.4,
g = 0, η = 0.1ω, NL = NR = 100, whose real (imaginary)
parts are represented by blue (red dashed) lines. Both (a) and
(b) evolve adiabatically and couple to five spins starting from
l0 = NL + 3. More specifically: (a) is Z2 case with NM = 10,
ω = 0.2, which shows negative peaks of the imaginary parts
around φ = pi; (b) is Z4 case with NM = 11, ω = 0.1, which
shows peaks of the imaginary parts around φ = pi that have
opposite signs. Inset (c) is the odd case including relaxation
and returns to Z2 periodicity as (a), but exhibits a singularity
in the real part at φ = pi.
stems from the cavity probing particle number operator
over the length l, while the second one effectively rep-
resents electronic tunneling into the spin chain over the
same distance, thus accessing the transport properties of
the spin chain. However, as we see in the following discus-
sions, the analogy is only partial for the second coupling
because of the non-locality of the JW string.
A. Longitudinal Susceptibility
The longitudinal susceptibility can now be numerically
evaluated from the lattice model by including all possi-
ble states. However, in order to understand the behav-
ior, it worth analyzing the limit of small ω  ∆ in which
case the cavity probes mostly the low-energy ABSs (trun-
cated up to the twelfth state in calculation), including
the MBSs. We transform the spins into fermions in the
lattice cˆi, and eventually in terms of quasi-particles de-
scribing the Andreev states dˆn, with i and n specifying
the lattice and eigen-energy index, respectively. By us-
ing cˆi =
∑
n[un(i)dˆn + v
∗
n(i)dˆ
†
n] with coefficients un(i)
and vn(i) found from wavefunctions of numerical diago-
nalization (see Appx. A for details), we write down Sˆzl in
the form of quasi-particles:
Sˆzl =
∑
i∈l
∑
r,s
[b∗r(i)dˆ
†
r − br(i)dˆr][a∗s(i)dˆ†s + as(i)dˆs] , (34)
with as(i) = us(i)+vs(i), bs(i) = us(i)−vs(i), where r, s
are single-particle indices of their corresponding many-
body states in Eq. (33), given in the labels of Fig. 4(c)(d).
There are two types of 〈m|Sˆzl |n〉: quasi-particle conserv-
ing type Scr,s and non-conserving type S
n
r,s, which are
shown explicitly as
Scr,s =
∑
i∈l
[b∗r(i)as(i) + bs(i)a
∗
r(i)] , (35)
Snr,s =
∑
i∈l
[br(i)as(i)− bs(i)ar(i)] . (36)
With single-particle occupation fs ≡ 〈dˆ†sdˆs〉, the longitu-
dinal susceptibility is written in the single-particle form:
ΠzS (ω) =
′∑
r,s
[
(fr − fs)|Scr,s|2
r − s − ω − iη +
(fr − fs)|Scr,s|2
r − s + ω + iη
+
(fr + fs − 1)|Snr,s|2
r + s − ω − iη +
(fr + fs − 1)|Snr,s|2
r + s + ω + iη
]
, (37)
where the first (second) line accounts for the quasi-
particle conserving (non-conserving) contributions.
In Fig. 6 (a)(b) we show the real and the imaginary
parts of ΠzS (ω) as a function of φ for odd and even cases
respectively, evolving adiabatically in their initial ground
states at φ = 0, whose peaks indicate the resonances be-
tween the cavity and the low-energy levels in Fig. 4(c)(d).
They present different periodicities and reach peaks at
different φ, as a result of odd-even effect. Particularly,
one can distinguish Z4 spin current from Z2 case, by dint
of opposite signs near φ = pi in the imaginary parts.
Moreover, even taking into account the relaxation effects
such that the system always follows the ground state, the
real part still exhibits a singularity at φ = pi in Fig. 6(c),
which is again a signature for Z4 crossing of the levels.
We note that while the magnetic coupling to each indi-
vidual spin is typically small (a few Hz in cQED setups),
by coupling the cavity to many spins in the chains Sˆl,
the response function is enhanced by an order ∼ l2 as
compared to the single spin scenario.
B. Transverse Susceptibility and Spin Noise
Borrowing from the fermionic parity-flipping picture
due to quasi-particle poisoning, one may conjecture that
the transverse susceptibility Π⊥S (ω) has a nonzero value.
Surprisingly, we find out numerically that the matrix el-
ements of Π⊥S (ω) are exponentially reduced to zero as the
length of Ising part increases, which makes transitions
between different parities impossible in topological spin
JJs. Such phenomenon is because local in-plane spin op-
erators σˆxi , σˆ
y
i become highly non-local objects with ad-
ditional JW string in the fermionic space, it is inevitable
to alter states of external JW Majoranas, which in turn
flips the parity back to itself and thus forbids transitions
between them.
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(a) Local spin perturbations (b) Local fermionic perturbations
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FIG. 7. Spectra of the IXI varied as φ under random per-
turbations for a given realization, computed by exact diag-
onalization with J = t = γ = 1, t = 0.8, g = −0.2,
NL = NM = NR = 4. All perturbation strengths η
x
i and η
y
i
are set randomly site by site in the middle XY chain within the
range of (0, 0.2). Specifically: (a) is under local spin perturba-
tions of Eq. (38) from the in-plane magnetic fields, crossings
are preserved albeit with lifted degeneracies; (b) suffers local
fermionic perturbations of Eq. (39) from the quasi-particle
poisoning, crossings are destroyed while each state still con-
tains twofold degeneracy.
To verify this, we study the influences from two kinds
of in-plane perturbations within the middle part (xL, xR):
HˆSP =
∑
i∈M
[ηxi σˆ
x
i + η
y
i σˆ
y
i ] , (38)
HˆFP =
∑
i∈M
[ηxi
i−1∏
j=1
(−σˆzj )σˆxi + ηyi
i−1∏
j=1
(−σˆzj )σˆyi ] , (39)
where ηxi and η
y
i are perturbation strengths along x and
y directions respectively, both set randomly site by site.
Eq. (39) indeed emulates the conventional local fermionic
perturbations from quasi-particle poisoning and breaks
Majorana crossings in Fig. 7(b) as expected. On the
other hand, in Fig. 7(a) we see that the local spin per-
turbations only shift twofold degeneracy (from external
JW Majoranas) away and cannot destroy Z2 periodicity
(even we extend the random perturbations to the whole
spin chain), in stark contrast to topological JJs in super-
conducting systems.
VIII. CONCLUSIONS AND OUTLOOK
In this work, we analyzed an Ising|XY|Ising spin link
that emulates a topological SNS structure, both analyt-
ically and numerically. In a nutshell, our results can be
summarized as following comparisons:
(i) Odd vs. Even. The iTRS gives rise to the odd-even
effect at the lattice level and protect Z4 (Z2) fractional
spin JE in odd (even) chain sites, irrespective of ZZ-type
interactions. The resulting texture of spin entanglement
highlights the effects of the spin currents carried by JW
Majoranas, whose periodicities can be detected by cQED
setup through dispersive readout methods.
(ii) Lattice vs. Continuum. By use of the low-energy
continuum theory, we analytically solve out the spectra
of ABSs and their fermionic wavefunctions. Particularly
in the deep topological regime, there can host eTRS that
mimics QSH JJs, forming Z4 fractional spin JE in the
presence of Coulomb interactions within the junction,
while ZZ-type interactions act like sz-conserving inter-
actions which leads to dissipative trivial currents.
(iii) Spin vs. Fermion. At the lattice level we iden-
tified various symmetries emerging from the spin chain
and figure out their electronic counterparts, demonstrat-
ing that ZZ-type interactions and NN-type interactions
act differently in the many-body spectra. One remark-
able result is that although Z2-periodic current can be
broken by local fermionic perturbations, spin Z2 JEs are
robust to local spin perturbations.
Our proposal could be implemented in a plethora of
spin systems, such as trapped ions [68], photonic lattices
[69, 70], electron spins in quantum dots [71], and mag-
netic impurities on surfaces [72, 73]. Since Z2 fractional
spin JEs are immune to any local perturbations from ar-
bitrary directions of magnetic field (as long as the chain
is still in the topological phase), the ground state can,
together with the first excited state, be used to set up
a logical qubit: advancing φ adiabatically for pi achieves
a quantum X gate [20, 44]. Alternatively, we can uti-
lize such robustness for quantum memory. Besides, the
middle XY chain will be gapped when |g| > 2t, which
prohibits the transport of spin supercurrents. Hence, one
may use this feature to engineer a quantum spin transis-
tor based on the JEs [42].
There are several generalizations of our study. First,
it would be interesting to consider dissipation (due to,
for example, the presence of a magnetic substrate), and
evaluate its effects on the various fractional JEs, as well
as on the topology of the chain in general. Moreover, the
cQED setup proposed here could serve as an engineered
environment that can not only monitor the spin flow,
but also affect and control it. Second, generalization to
multi-quantum spin chains junctions, similar to super-
conducting systems [74], which could result in emulating
various higher dimensional topological structures. And
third, generalization to more complex insulating quan-
tum spin systems, such as 2D quantum (anti) ferromag-
nets insulators or even quantum spin liquids [75], subject
to dissipationless spin flows.
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Appendix A: General Properties of the Spin Chain
The generalized 1D anisotropic spin chain Hamiltonian
in a transverse field is given by
HˆSG =− J
∑
i
[(ti + γi)σˆ
m
i σˆ
m
i+1 + (ti − γi)σˆni σˆni+1
+ δiσˆ
z
i σˆ
z
i+1 + giσˆ
z
i ] .
(A1)
After the JWT, we obtain the generalized Hamiltonian
in the fermionic representation:
HˆFG =− 2J
∑
i
[(ticˆ
†
i cˆi+1 + γie
−2iφcˆ†i cˆ
†
i+1 + h.c.)
+ δi(1/2− cˆ†i cˆi − cˆ†i+1cˆi+1 + 2nˆinˆi+1)
+ gi(cˆ
†
i cˆi − 1/2)] ,
(A2)
where the global spin anisotropic angle φ generating a
global gauge transformation cˆi → cˆieiφ. Starting from
the non-interacting case δi = 0, if all the parameters in
Eq. (A2) are invariant at every site, we can impose peri-
odic boundary conditions to yield translation symmetry,
which does not affect bulk properties. Through applying
the Fourier transformation cˆk =
∑
j cˆje
−ikaj/
√
N , the
Hamiltonian in the momentum space reads:
HˆkG =− 2J
∑
k
[(2t cos ka+ g)cˆ†k cˆk
+ γ sin ka(ie−2iφcˆ†k cˆ
†
−k + h.c.)− g/2] ,
(A3)
where k = 2pin/(Na) is the wave number with n taking in
the range of (b−N/2c, b+N/2c]. Defining a momentum
spinor Cˆk = [cˆk, cˆ
†
−k]
T, we write down the BdG Hamilto-
nian HˆkG = 1/2
∑
k Cˆ
†
kHkG Cˆk with matrix
HkG/2J = −(2t cos ka+g) ρz+2γ sin ka e−2iφρzρy . (A4)
Now Eq. (A3) can be readily diagonalized into Eq. (20)
as HˆkG = 1/2
∑
k Dˆ
†
kkρzDˆk =
∑
k k(dˆ
†
kdˆk − 1/2), by in-
troducing the Bogoliubov quasi-particle Dˆk = [dˆk, dˆ
†
−k]
T
as dˆk = e
+iφ sin(θk/2) cˆk − i e−iφ cos(θk/2) cˆ†−k with
θk = arctan[2γ sin ka/(2t cos ka + g)]. We can use θk to
define the topological invariant by the winding number
W = 1
2pi
∮
dθk =
1
2pi
∫
BZ
dθk
dk
dk = Θ(2t− |g|) , (A5)
where Θ is the Heaviside step function. When g < |2t|
the bulk is in the topological phase with W = 1, which
means if the chain was cut at a point, two unpaired Ma-
jorana modes would appear at the ends of it. However,
if W = 0 the bulk will lie in the trivial phase and the
edge modes disappear, which is known as the bulk-edge
correspondence.
When the spin chain consists of different parametric
parts, k is not a good quantum number anymore, we
should come back to the real space. Especially for the
non-interacting case δi = 0, Eq. (A2) is reduced into
the single-particle form HFG shown in Eq. (3). By use of
the PHS as {HFG, CF} = 0, CF = ρxK, for every eigen-
vector Φ+n = [un(1), . . . , un(N), vn(1), . . . , vn(N)]
T with
positive energy +n, there is a corresponding eigenvec-
tor Φ−n = CFΦ+n = [v∗n(1), . . . , v∗n(N), u∗n(1), . . . , u∗n(N)]T
for the negative energy −n. Therefore, HFG can be
diagonalized as HˆFG = 1/2Cˆ
†HFGCˆ = 1/2Cˆ†PEP†Cˆ =
1/2Dˆ†EDˆ = ∑n n(dˆ†ndˆn − 1/2) by the Bogoliubov quasi-
particle Dˆ = (dˆ1, dˆ2, . . . , dˆN, dˆ
†
1, dˆ
†
2, . . . , dˆ
†
N)
T, where E =∑
n ρz ⊗ n |n〉 〈n|, and P ≡ [Φ+1 , . . . ,Φ+N ,Φ−1 , . . . ,Φ−N ] is
constructed by their corresponding eigenvectors, whose
column vectors and row vectors should be orthonormal:∑
i
[u∗m(i)un(i) + v
∗
m(i)vn(i)] = δm,n ,∑
n
[u∗n(i)un(j) + vn(i)v
∗
n(j)] = δi,j .
(A6)
Since Dˆ = P†Cˆ, Cˆ = PDˆ, the transformation between
quasi-particles and fermions is given by
dˆn =
∑
i
[u∗n(i)cˆi + v
∗
n(i)cˆ
†
i ],
cˆi =
∑
n
[un(i)dˆn + v
∗
n(i)dˆ
†
n] .
(A7)
If there are interacting terms δi 6= 0 in Eq. (A2), above
single-particle method fails since the Hamiltonian will
not be quadratic anymore. Under this circumstance we
have to stay in the spin space and apply brute-force di-
agonalization on a 2N -dimensional matrix of Eq. (A1) to
solve out the many-body spectrum directly.
Appendix B: Low-Energy Continuum Theory
1. Wavefunctions Near the Critical Point
We can diagonalize the low-energy continuous Eq. (21)
as HCGΦ(x) = Φ(x) by solving out differential equations
of the two-component wavefunction Φ(x) = [u(x), v(x)]
T
,
whose generalized expressions are shown as
u(x) =e−iφ(+C1 cos U e+K
+x + C2 sin V e
+K−x
+ C3 cos U e
−K+x + C4 sin V e−K
−x) ,
v(x) =e+iφ(−C1 cos V e+K+x − C2 sin U e+K−x
+ C3 cos V e
−K+x + C4 sin U e−K
−x) ,
(B1)
where K± =
√
Γ− Ω± Λ/ta, U = arccos[(Λ − Ξ)/Γ]/2,
V = arccos[(Λ+Ξ)/Γ]/2, Λ =
√
Γ2 + Ξ2 − 2ΓΩ, Γ = 2γ2,
Ω = t(2t + g), Ξ = t/2J are introduced for sim-
plicity. Additionally, K+ = 2γ cos U cos V/ta, K− =
2γ sin U sin V/ta. Apply infinite boundary conditions on
Eq. (B1), the right part wavefunctions are defined by set-
ting C1 = C2 = 0, and the left part wavefunctions are
obtained by setting C3 = C4 = φ = 0. The middle part
is a special case of φ = γ = 0, one could reduce K± →
i
√
Ω∓ Ξ/ta ≡ iK∓M and find K+M = 2γ sin U cos V/ta,
K−M = 2γ cos U sin V/ta after taking the limit γ → 0.
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Since we are only interested in the ABSs, whose eigen-
values lie within the gap, i.e. || < 2J(2t+g)⇔ |Ξ| < Ω,
which ensures K±M to be real. By introducing a new set
of coefficients C5,C6,C7,C8 in the middle region, the ex-
plicit wavefunctions are shown as
uM(x) = 1/
√
K+M × (C5e+iK
+
Mx + C6e
−iK+Mx) ,
vM(x) = 1/
√
K−M × (C7e+iK
−
Mx + C8e
−iK−Mx) .
(B2)
The above wavefunctions have been normalized by the
square root of wave numbers in order to maintain the
quasi-particle currents [24]. Through imposing continu-
ity conditions and current conservation conditions at two
interfaces presented in Appx. B 3, we obtain energy tran-
scendental Eq. (23) for the ABSs, and their wavefunc-
tion coefficients are determined by normalization condi-
tion
∫ |un(x)|2 + |vn(x)|2dx = 1. Now the Hamiltonian
is diagonalized into
∑
n n(dˆ
†
ndˆn− 1/2) by Bogoliubon dˆn,
whose transformation with field operator is given by
dˆn =
∫
dx Φ†n(x)Ψˆ(x), Ψˆ(x) =
∑
n
Φn(x)dˆn. (B3)
Recall Eq. (21) holds the PHS as {HCG, CC} = 0 by the
operator CC = ρxK, thus CCΦn(x) = [v∗n(x), u∗n(x)]T ≡
Φ−n(x) is the wavefunction for −n ≡ −n. It is worthy
to point out that it is the branches jumping of V on the
Riemann surface that takes great effect on the quantum
phase transition, i.e. V → − arccos[(Λ + Ξ)/Γ]/2 with
additional minus sign across the critical point, which pro-
hibits the zero mode solution of Majoranas.
2. Wavefunctions in the Deep Topological Regime
By decomposing the Hilbert space into the two τz
eigensectors τ = ±1, we can solve out the continuous
Eq. (25) in the deep topological regime as HDGΦτ (x) =
τΦτ (x) with their corresponding eigenfunctions Φ+(x) =
[u+(x), 0, v+(x), 0]T, Φ−(x) = [0, u−(x), 0, v−(x)]T, whose
explicit expressions are shown as
uτ (x) = e−iφ(C1 e−iWe+τKx + C2 e+iWe−τKx) ,
vτ (x) = e+iφ(C1 e
+iWe+τKx + C2 e
−iWe−τKx) ,
(B4)
where K =
√
∆2 − E2/Υ, W = arccos(E/∆)/2, E = /2J
are introduced for simplicity. The wavefunctions of left
and right parts only contain the exponential decaying
branches due to infinite boundary conditions, while the
middle part is the case of φ = γ = 0 where K =
iE/Υ ≡ iKM. Since gap → 4Jγ,∆ → 2γ in the deep
topological regime, |E| < ∆ will be always valid for
the ABSs. The explicit middle wavefunctions are shown
as uτM(x) = C3 exp (+iτKMx) , v
τ
M(x) = C4 exp (−iτKMx)
with two new coefficients. Applying continuity conditions
at two interfaces for each eigensector respectively, we can
obtain the energy transcendental Eq. (26) for ABSs. By
use of the normalization condition, the full normalized
wavefunctions for the whole chain are expressed as
uτn(x) = An (−1)n e−K|x−l(x)|e+iτKMl(x) ,
vτn(x) = An e+iφ× e−K|x−l(x)|e−iτKMl(x) ,
(B5)
where An = 1/
√
2(L+ 1/K) is the normalization factor,
l(x) = x for x ≤ |L/2| and sgn(x)L/2 for x > |L/2|.
With the help of Bogoliubon dˆτn, Eq. (25) is diagonalized
into
∑
n,τ 
τ
n(dˆ
τ†
n dˆ
τ
n − 1/2) with transformation:
dˆτn =
∫
dx Φτ†n (x)Ψˆ(x) , Ψˆ(x) =
∑
n,τ
Φτn(x)dˆ
τ
n . (B6)
Apart from PHS as {HDG, CD} = 0, CD = ρyτyK, Eq. (25)
contains eTRS as [HDG(φ), TE] = 0, TE = iτyK for φ =
lpi/2, l ∈ Z. Since T 2E = −1, the single-particle spectrum
must be at least doubly degenerate at above phases.
3. Boundary Conditions Near the Critical Point
We can add a fictitious barrier potential λaδ(x − x±)
into Eq. (21) to emulate the imperfect connections be-
tween different parts (we denote +,− for R, L respec-
tively to generalize the expressions of two junction sites
in the following statements). Around two interfaces, the
stationary Schro¨dinger equation requires:
HCGΦ(x) =− 2J{[2t+ g + λaδ(x− x±) + ta2∂2x]ρz
+ iγa[Θ(±x∓ x±), ∂x]+ρy}Φ(x) = Φ(x) ,
where the phase φ is absorbed in γ temperately, the anti-
commutator parentheses [Θ(±x∓x±), ∂x]+ can be calcu-
lated into 2Θ(±x∓ x±)∂x ± δ(x− x±). Move the second
order derivative term to the left hand side and integrate
the whole equation around the junction sites by an in-
finitesimal parameter, we find
ta
[
+u′±(x±)− u′M(x±)
−v′±(x±) + v′M(x±)
]
=
[∓λuM(x±)− γu±(x±)
±λvM(x±) + γv±(x±)
]
. (B7)
Replacing subscript +,− back into R, L and specify the
value of γ, φ in different parts (releasing φ from γ), we
obtain the current conservation conditions:
ta u′M(xL) + λuM(xL) = ta u
′
L(xL) + γvL(xL) ,
ta v′M(xL) + λvM(xL) = ta v
′
L(xL) + γuL(xL) ,
ta u′M(xR)− λuM(xR) = ta u′R(xR) + γe−2iφvR(xR) ,
ta v′M(xR)− λvM(xR) = ta v′R(xR) + γe+2iφuR(xR) ,
(B8)
together with four trivial wavefunction continuity condi-
tions uL(xL) = uM(xL), vL(xL) = vM(xL), uR(xR) = uM(xR),
vR(xR) = vM(xR). When λ = 0, the generalized boundary
conditions in Eq. (B8) impose perfect coupling boundary
conditions while if λ → ∞ the three parts in our chain
system are independent, and the φ-dependence will be
suppressed. One could naively assume that λ ∼ (1−t)/t
as a correspondence of the lattice model.
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Appendix C: Spin Correlation Functions
By use of transformation (A7) and orthonormality con-
ditions of wavefunctions (A6), we define two operators
Aˆi = cˆ
†
i + cˆi =
∑
n
[a∗n(i)dˆ
†
n + an(i)dˆn] ,
Bˆi = cˆ
†
i − cˆi =
∑
n
[b∗n(i)dˆ
†
n − bn(i)dˆn] ,
(C1)
with an(i) = un(i)+vn(i), bn(i) = un(i)−vn(i), and their
the expectation values by pairs Mi,j ≡ 〈AˆiAˆj〉, Ni,j ≡
〈BˆiBˆj〉, Gi,j ≡ 〈BˆiAˆj〉 are calculated as
Mi,j = +δij + 2i Im
∑
n
[un(i)a
∗
n(j) + a
∗
n(i)an(j)fn] ,
Ni,j = −δij − 2i Im
∑
n
[un(i)b
∗
n(j) + b
∗
n(i)bn(j)fn] ,
Gi,j = +δij − 2 Re
∑
n
[un(i)a
∗
n(j)− b∗n(i)an(j)fn] ,
where fn ≡ 〈dˆ†ndˆn〉 is the occupation number of quasi-
particles. These expressions are different from Refs. [16,
19, 49] as a consequence of imaginary parts of wavefunc-
tions coming from the spin supercurrent. It is straight-
forward to find 〈BˆiAˆj〉 = −〈AˆjBˆi〉, 〈AˆiAˆj〉 = 〈AˆjAˆi〉∗,
〈BˆiBˆj〉 = 〈BˆjBˆi〉∗ and obtain 〈σˆzi 〉 = 〈BˆiAˆi〉 = Gi,i ,
〈σˆzi σˆzj 〉 = 〈BˆiAˆiBˆjAˆj〉 = Gi,iGj,j −Gi,jGj,i −Ni,jMi,j .
However, it is not easy to obtain arbitrary correlators of
〈σˆxi σˆxj 〉 = + 〈BˆiAˆi+1Bˆi+1 · · · Aˆj−1Bˆj−1Aˆj〉 ,
〈σˆyi σˆyj 〉 = −〈AˆiAˆi+1Bˆi+1 · · · Aˆj−1Bˆj−1Bˆj〉 ,
〈σˆxi σˆyj 〉 = −i 〈BˆiAˆi+1Bˆi+1 · · · Aˆj−1Bˆj−1Bˆj〉 ,
〈σˆyi σˆxj 〉 = −i 〈AˆiAˆi+1Bˆi+1 · · · Aˆj−1Bˆj−1Aˆj〉 ,
(C2)
which will be expanded into (2k− 1)!! terms (k = |i− j|)
according to Wick theorem. Those correlators can be
systematically expressed as the Pfaffian
〈σˆxi σˆxj 〉 = + (−1)k(k−1)/2 pf(Qxxij ) ,
〈σˆyi σˆyj 〉 = + (−1)k(k−1)/2 pf(Qyyij ) ,
〈σˆxi σˆyj 〉 = −i(−1)k(k−1)/2 pf(Qxyij ) ,
〈σˆyi σˆxj 〉 = +i(−1)k(k−1)/2 pf(Qyxij ) ,
(C3)
of the following well-organized 2k-dimensional skew-
symmetric matrices [61, 62]:
Qxxij =
[ N xxij Gxxij
−Gxxij T Mxxij
]
, Qyyij =
[Myyij Gyyij
−Gyyij T N yyij
]
,
with their corresponding blocks
Gxxij =

Gi,i+1 · · · Gi,j−1 Gi,j
Gi+1,i+1 · · · Gi+1,j−1 Gi+1,j
...
. . .
...
...
Gj−1,i+1 · · · Gj−1,j−1 Gj−1,j
 ,
Mxxij =

0 Mi+1,i+2 · · · Mi+1,j
−Mi+1,i+2 0 . . .
...
...
. . . 0 Mj−1,j
−Mi+1,j · · · Mj−1,j 0
 ,
N xxij =

0 Ni,i+1 · · · Ni,j−1
−Ni,i+1 0 . . .
...
...
. . . 0 Nj−2,j−1
−Ni,j−1 · · · Nj−2,j−1 0
 ,
Gyyij =

Gi+1,i · · · Gj−1,i Gj,i
Gi+1,i+1 · · · Gj−1,i+1 Gj,i+1
...
. . .
...
...
Gi+1,j−1 · · · Gj−1,i−1 Gj,j−1
 ,
Myyij =

0 Mi,i+1 · · · Mi,j−1
−Mi,i+1 0 . . .
...
...
. . . 0 Mj−2,j−1
−Mi,j−1 · · · Mj−2,j−1 0
 ,
N yyij =

0 Ni+1,i+2 · · · Ni+1,j
−Ni+1,i+2 0 . . .
...
...
. . . 0 Nj−1,j
−Ni+1,j · · · Nj−1,j 0
 .
The correlators of 〈σˆxi σˆyj 〉, 〈σˆyi σˆxj 〉 only differ on the last
operator from 〈σˆxi σˆxj 〉, 〈σˆyi σˆyj 〉, hence we can calculate
Qxyij , Qyxij by replacing the last column and its corre-
sponding transpose row · · · of Qxxij , Qyyij :
Qxxij =

· · · Gi,j
· · · ...
· · · Gj−1,j
· · · Mi+1,j
· · · ...
· · · Mj−1,j
GM 0

⇒

· · · Ni,j
· · · ...
· · · Nj−1,j
· · · −Gj,i+1
· · · ...
· · · −Gj,j−1
NG 0

≡ Qxyij ;
Qyyij =

· · · Gj,i
· · · ...
· · · Gj,j−1
· · · Ni+1,j
· · · ...
· · · Nj−1,j
GN 0

⇒

· · · Mj,i
· · · ...
· · · Mj,j−1
· · · Gi+1,j
· · · ...
· · · Gj−1,j
MG 0

≡ Qyxij .
When the twisting angle is zero, the spin supercurrent
vanishes with 〈σˆxi σˆyj 〉 = 〈σˆyi σˆxj 〉 = 0. Furthermore, block-
diagonal terms in Qxxij , Qyyij are also found out to be
zero. In this special case, 〈σˆxi σˆxj 〉 and 〈σˆyi σˆyj 〉 are reduced
into det(Gxxij ) and det(Gyyij ) respectively, which agree with
previous formulae used in Refs. [16, 19, 49].
15
[1] X.-G. Wen, Colloquium: Zoo of quantum-topological
phases of matter, Rev. Mod. Phys. 89, 041004 (2017).
[2] M. Z. Hasan and C. L. Kane, Colloquium: Topological
insulators, Rev. Mod. Phys. 82, 3045 (2010).
[3] X.-L. Qi and S.-C. Zhang, Topological insulators and su-
perconductors, Rev. Mod. Phys. 83, 1057 (2011).
[4] C. Beenakker, Search for Majorana fermions in super-
conductors, Annu. Rev. Condens. Matter Phys. 4, 113
(2013).
[5] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and
S. Das Sarma, Non-Abelian anyons and topological quan-
tum computation, Rev. Mod. Phys. 80, 1083 (2008).
[6] J. Alicea, Y. Oreg, G. Refael, F. von Oppen, and M. P. A.
Fisher, Non-Abelian statistics and topological quantum
information processing in 1D wire networks, Nature Phys
7, 412 (2011).
[7] M. Leijnse and K. Flensberg, Introduction to topologi-
cal superconductivity and Majorana fermions, Semicond.
Sci. Technol. 27, 124003 (2012).
[8] A. P. Mackenzie and Y. Maeno, The superconductivity
of Sr2RuO4 and the physics of spin-triplet pairing, Rev.
Mod. Phys. 75, 657 (2003).
[9] L. Fu and C. L. Kane, Superconducting proximity effect
and Majorana fermions at the surface of a topological
insulator, Phys. Rev. Lett. 100, 096407 (2008).
[10] T. D. Stanescu, J. D. Sau, R. M. Lutchyn, and
S. Das Sarma, Proximity effect at the superconductor–
topological insulator interface, Phys. Rev. B 81, 241310
(2010).
[11] J. Alicea, New directions in the pursuit of Majorana
fermions in solid state systems, Rep. Prog. Phys. 75,
076501 (2012).
[12] Y. Niu, S. B. Chung, C.-H. Hsu, I. Mandal, S. Raghu,
and S. Chakravarty, Majorana zero modes in a quantum
Ising chain with longer-ranged interactions, Phys. Rev.
B 85, 035110 (2012).
[13] A. M. Tsvelik, Majorana fermion realization of a two-
channel Kondo effect in a junction of three quantum Ising
chains, Phys. Rev. Lett. 110, 147202 (2013).
[14] D. Giuliano, P. Sodano, A. Tagliacozzo, and A. Trombet-
toni, From four- to two-channel Kondo effect in junctions
of XY spin chains, Nuclear Physics B 909, 135 (2016).
[15] P. Jordan and E. P. Wigner, About the Pauli exclusion
principle, Z. Phys. 47, 631 (1928).
[16] E. Lieb, T. Schultz, and D. Mattis, Two soluble models
of an antiferromagnetic chain, Annals of Physics 16, 407
(1961).
[17] E. Barouch, B. M. McCoy, and M. Dresden, Statistical
mechanics of the XY Model. I, Phys. Rev. A 2, 1075
(1970).
[18] A. Y. Kitaev, Unpaired Majorana fermions in quantum
wires, Phys.-Usp. 44, 131 (2001).
[19] S. Sachdev, Quantum Phase Transitions, 2nd ed. (Cam-
bridge University Press, Cambridge, 2011).
[20] Y. Tserkovnyak and D. Loss, Universal quantum compu-
tation with ordered spin-chain networks, Phys. Rev. A
84, 032333 (2011).
[21] P. Fendley, Parafermionic edge zero modes in Zn-
invariant spin chains, J. Stat. Mech. 2012, P11020
(2012).
[22] S. Backens, A. Shnirman, Y. Makhlin, Y. Gefen, J. E.
Mooij, and G. Scho¨n, Emulating Majorana fermions and
their braiding by Ising spin chains, Phys. Rev. B 96,
195402 (2017).
[23] N. Kopnin, Theory of Nonequilibrium Superconductivity
(Oxford University Press, 2001).
[24] C. W. J. Beenakker, Universal limit of critical-current
fluctuations in mesoscopic Josephson junctions, Phys.
Rev. Lett. 67, 3836 (1991).
[25] H.-J. Kwon, K. Sengupta, and V. M. Yakovenko, Frac-
tional ac Josephson effect in p- and d-wave superconduc-
tors, Eur. Phys. J. B 37, 349 (2004).
[26] J. M. Martinis and K. Osborne, Superconducting qubits
and the physics of Josephson junctions, arXiv e-print
(2004), 0402415.
[27] A. Kitaev, Periodic table for topological insulators and
superconductors, AIP Conference Proceedings 1134, 22
(2009).
[28] X.-G. Wen, Symmetry-protected topological phases in
noninteracting fermion systems, Phys. Rev. B 85, 085103
(2012).
[29] S. Ryu, J. E. Moore, and A. W. W. Ludwig, Electro-
magnetic and gravitational responses and anomalies in
topological insulators and superconductors, Phys. Rev.
B 85, 045104 (2012).
[30] A. W. W. Ludwig, Topological phases: Classification
of topological insulators and superconductors of non-
interacting fermions, and beyond, Phys. Scr. T168,
014001 (2015).
[31] L. Fu and C. L. Kane, Topological insulators with inver-
sion symmetry, Phys. Rev. B 76, 045302 (2007).
[32] X.-J. Liu, Andreev bound states in a one-dimensional
topological superconductor, Phys. Rev. Lett. 109, 106404
(2012).
[33] F. Zhang, C. L. Kane, and E. J. Mele, Topological mirror
superconductivity, Phys. Rev. Lett. 111, 056403 (2013).
[34] F. Zhang and C. L. Kane, Anomalous topological pumps
and fractional Josephson effects, Phys. Rev. B 90, 020501
(2014).
[35] L. Fidkowski and A. Kitaev, Effects of interactions on the
topological classification of free fermion systems, Phys.
Rev. B 81, 134509 (2010).
[36] L. Fidkowski and A. Kitaev, Topological phases of
fermions in one dimension, Phys. Rev. B 83, 075103
(2011).
[37] Y. Peng, Y. Vinkler-Aviv, P. W. Brouwer, L. I. Glazman,
and F. von Oppen, Parity anomaly and spin transmuta-
tion in quantum spin Hall Josephson junctions, Phys.
Rev. Lett. 117, 267001 (2016).
[38] H.-Y. Hui and J. D. Sau, 8pi periodic dissipationless ac
Josephson effect on a quantum spin Hall edge via a quan-
tum magnetic impurity, Phys. Rev. B 95, 014505 (2017).
[39] Y. Vinkler-Aviv, P. W. Brouwer, and F. von Oppen, Z4
parafermions in an interacting quantum spin Hall Joseph-
son junction coupled to an impurity spin, Phys. Rev. B
96, 195421 (2017).
[40] F. Zhang and C. L. Kane, Time-reversal-invariant Z4
fractional Josephson effect, Phys. Rev. Lett. 113, 036401
(2014).
[41] C. P. Orth, R. P. Tiwari, T. Meng, and T. L. Schmidt,
Non-Abelian parafermions in time-reversal-invariant in-
16
teracting helical systems, Phys. Rev. B 91, 081406
(2015).
[42] O. V. Marchukov, A. G. Volosniev, M. Valiente, D. Pet-
rosyan, and N. T. Zinner, Quantum spin transistor with a
Heisenberg spin chain, Nature Communications 7, 13070
(2016).
[43] S. Hoffman, D. Loss, and Y. Tserkovnyak, Superfluid
transport in quantum spin chains, arXiv e-print (2018),
1810.11470.
[44] T. Posske and M. Thorwart, Winding up quantum spin
helices: How avoided level crossings exile classical topo-
logical protection, Phys. Rev. Lett. 122, 097204 (2019).
[45] T. O. Puel, S. Chesi, S. Kirchner, and P. Ribeiro, Mixed-
order symmetry-breaking quantum phase transition far
from equilibrium, Phys. Rev. Lett. 122, 235701 (2019).
[46] A. Kitaev and J. Preskill, Topological entanglement en-
tropy, Phys. Rev. Lett. 96, 110404 (2006).
[47] R. Horodecki, P. Horodecki, M. Horodecki, and
K. Horodecki, Quantum entanglement, Rev. Mod. Phys.
81, 865 (2009).
[48] W. K. Wootters, Entanglement of formation and concur-
rence, Quantum Info. Comput. 1, 27 (2001).
[49] T. J. Osborne and M. A. Nielsen, Entanglement in a sim-
ple quantum phase transition, Phys. Rev. A 66, 032110
(2002).
[50] J. Sinova, S. O. Valenzuela, J. Wunderlich, C. H. Back,
and T. Jungwirth, Spin Hall effects, Rev. Mod. Phys. 87,
1213 (2015).
[51] Strictly speaking, the energy gap occurs at k = 0 when
g → −2t, while if g → +2t, the energy gap takes at
k = ±pi/a. The sign of g only depends on the direction
of z axis in the spin Hamiltonian and does not cause any
different observational effect. When g > 0 we can define
k′ = k+pi/a to translate the momentum in the Brillouin
zone and come back to the case of g < 0, hence in the
whole paper we only investigate the negative regime.
[52] B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, Quantum
spin Hall effect and topological phase transition in HgTe
quantum wells, Science 314, 1757 (2006).
[53] M. Ko¨nig, S. Wiedmann, C. Bru¨ne, A. Roth, H. Buh-
mann, L. W. Molenkamp, X.-L. Qi, and S.-C. Zhang,
Quantum spin Hall insulator state in HgTe quantum
wells, Science 318, 766 (2007).
[54] L. Fu and C. L. Kane, Josephson current and noise at a
superconductor / quantum-spin-Hall-insulator / super-
conductor junction, Phys. Rev. B 79, 161408 (2009).
[55] P. L. S. Lopes, S. Boutin, P. Karan, U. C. Mendes, and
I. Garate, Microwave signatures of the Z2 and Z4 frac-
tional Josephson effects, Phys. Rev. B 99, 045103 (2019).
[56] M. T. Deng, S. Vaitieke˙nas, E. B. Hansen, J. Danon,
M. Leijnse, K. Flensberg, J. Nyg˚ard, P. Krogstrup,
and C. M. Marcus, Majorana bound state in a coupled
quantum-dot hybrid-nanowire system, Science 354, 1557
(2016).
[57] C.-X. Liu, J. D. Sau, T. D. Stanescu, and S. Das Sarma,
Andreev bound states versus Majorana bound states
in quantum dot-nanowire-superconductor hybrid struc-
tures: Trivial versus topological zero-bias conductance
peaks, Phys. Rev. B 96, 075161 (2017).
[58] H. Zhang, C.-X. Liu, S. Gazibegovic, D. Xu, J. A. Lo-
gan, G. Wang, N. van Loo, J. D. S. Bommer, M. W. A.
de Moor, D. Car, R. L. M. Op het Veld, P. J. van Veld-
hoven, S. Koelling, M. A. Verheijen, M. Pendharkar,
D. J. Pennachio, B. Shojaei, J. S. Lee, C. J. Palmstrøm,
E. P. A. M. Bakkers, S. D. Sarma, and L. P. Kouwen-
hoven, Quantized Majorana conductance, Nature 556,
74 (2018).
[59] C. Laflamme, J. C. Budich, P. Zoller, and M. Dalmonte,
Non-equilibrium 8pi Josephson effect in atomic Kitaev
wires, Nat Commun 7, 1 (2016).
[60] Although periodic boundary conditions are imposed in
their p-wave superconducting parts to form a ring geom-
etry, degenerate properties within the gap are still well
established.
[61] E. R. Caianiello and S. Fubini, On the algorithm of Dirac
spurs, Nuovo Cim 9, 1218 (1952).
[62] E. Barouch and B. M. McCoy, Statistical mechanics of
the XY model. II. spin-correlation functions, Phys. Rev.
A 3, 786 (1971).
[63] P. Calabrese, M. Campostrini, F. Essler, and B. Nienhuis,
Parity effects in the scaling of block entanglement in gap-
less spin chains, Phys. Rev. Lett. 104, 095701 (2010).
[64] B. Dassonneville, M. Ferrier, S. Gue´ron, and H. Bouch-
iat, Dissipation and supercurrent fluctuations in a diffu-
sive normal-metal–superconductor ring, Phys. Rev. Lett.
110, 217001 (2013).
[65] A. Murani, B. Dassonneville, A. Kasumov, J. Basset,
M. Ferrier, R. Deblock, S. Gue´ron, and H. Bouchiat, Mi-
crowave signature of topological Andreev level crossings
in a Bismuth-based Josephson junction, Phys. Rev. Lett.
122, 076802 (2019).
[66] J. Aftergood, M. Trif, and S. Takei, Detecting spin cur-
rent noise in quantum magnets with photons, Phys. Rev.
B 99, 174422 (2019).
[67] O. Dmytruk, M. Trif, and P. Simon, Cavity quantum
electrodynamics with mesoscopic topological supercon-
ductors, Phys. Rev. B 92, 245432 (2015).
[68] Y. Lu, S. Zhang, K. Zhang, W. Chen, Y. Shen, J. Zhang,
J.-N. Zhang, and K. Kim, Global entangling gates on
arbitrary ion qubits, Nature 572, 363 (2019).
[69] R. Rota, F. Minganti, C. Ciuti, and V. Savona, Quan-
tum critical regime in a quadratically driven nonlinear
photonic lattice, Phys. Rev. Lett. 122, 110405 (2019).
[70] R. Rota and V. Savona, Simulating frustrated antiferro-
magnets with quadratically driven QED cavities, Phys.
Rev. A 100, 013838 (2019).
[71] D. M. Zajac, T. M. Hazard, X. Mi, E. Nielsen, and J. R.
Petta, Scalable gate architecture for a one-dimensional
array of semiconductor spin qubits, Phys. Rev. Applied
6, 054013 (2016).
[72] A. A. Khajetoorians, D. Wegner, A. F. Otte, and
I. Swart, Creating designer quantum states of matter
atom-by-atom, Nat Rev Phys 1, 703 (2019).
[73] K. Yang, W. Paul, S.-H. Phark, P. Willke, Y. Bae,
T. Choi, T. Esat, A. Ardavan, A. J. Heinrich, and C. P.
Lutz, Coherent spin manipulation of individual atoms on
a surface, Science 366, 509 (2019).
[74] R.-P. Riwar, M. Houzet, J. S. Meyer, and Y. V. Nazarov,
Multi-terminal Josephson junctions as topological mat-
ter, Nat Commun 7, 1 (2016).
[75] S. Chatterjee, J. F. Rodriguez-Nieva, and E. Demler, Di-
agnosing phases of magnetic insulators via noise mag-
netometry with spin qubits, Phys. Rev. B 99, 104425
(2019).
